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Dedicated to Tornike Kadeishvili on the occasion of his 60th birthday 

Abstract. We construct an example of an algebra structure defined over a finite 
dimensional graded vector space. 



algebras (or sha algebras) and (or sh Lie algebras) have been topics of current 
research. Construction of small examples of these algebras can play a role in gaining insight 
into deeper properties of these structures. These examples may prove useful in developing a 
deformation theory as well as a representation theory for these algebras. 

In [2], an L M algebra structure on the graded vector space V — Vo © V\ where V is a 2 
dimensional vector space, and V\ is a 1 dimensional space, is discussed. This surprisingly 
rich structure on this small graded vector space was shown by Kadeishvili and Lada, [3], to 
be an example of an open-closed homotopy algebra (OCHA) defined by Kajiura and Stasheff 
jl]. In an unpublished note [T] M. Daily constructs a variety of other algebra structures 
on this same vector space. 

In this article we add to this collection of structures on the vector space V by providing 
a detailed construction of non-trivial Aoo algebra data for V. 



We first recall the definition of an algebra (Stasheff [B]). 

Definition 1.1. Let V be a graded vector space. An A^ structure on V is a collection of 
linear maps m,k '■ V® — >■ V of degree 2 — k that satisfy the identity 



2 , 2 / am n-k+i(xi ® ■ ■ ■ <8> x x <g> m k (x x +i <2) • • • ® x x+ k) <8> x x +k+i <8> • • • ® x n ) = 

A=0 k=l 

where a = (-i)k+x+k\+kn+k(\x 1 \+-+\x x \) } j or all n > 1 



Introduction 



1. A^ Algebras 



n— 1 n— A 




This utilizes the cochain complex convention. One may alternatively utilize the chain 
complex convention by requiring each map rrik to have degree k — 2. 
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We will define the desuspension of V (denoted \,V) as the graded vector space with indices 
given by (J, V) n = V n+ i, and the desuspension operator, J,: V — > (J, V) (resp. suspension 
operator f: (4, V) — > V) in the natural sense. We will also employ the usual Koszul sign 
convention in this setting: whenever two symbols (objects or maps) of degree p and q are 
commuted, a factor of (— \) pq is introduced. Subsequently, t 0n l® n = (— 1) 5 irf and 
|xi(g) <g> • • • <g> |x n = (-l)£"=i("-OI*il |^ n (xi ®i 2 ®-"®4 

Stasheff also showed that an structure on V is equivalent to the existence of a degree 
1 coderivation D : T*(| V) ->■ T*(| V) with the property L> 2 = 0. Here, T*(| V) is the 
tensor coalgebra on the graded vector space \. V . Such a coderivation is constructed by 

fc(fc— 1) 

defining m' fc : (\.V® k ) — h|*V by m' fc = (— 1) 2 ^om^o and then extending each m' fc to 
a coderivation on T*(\,V). By "abuse of notation", m' k can be described by 

n-1 

mJt^xi® |x 2 <g> • • • <g> = ^(1®* <g> m' fc <g> l®™-*" 1 )^^!® lx 2 <g> • • • <g> |x n ) 

i=0 

n-1 

= 2^(-l) (fc ~ 2)(|a:i|+ "' +l ^ l ~ i) U^i ®- ' -® 4^ ® mjfe^Xi+i <g>- • -<g> |x i+fc )8> ix i+k+1 <g>- • -(8) 

00 

We then define D := ^ m' fc . 

fc=i 

2. A Finite Dimensional Example 

Let V denote the graded vector space given by V — ® V n where V has basis < v± : v 2 >, 
Vi has basis < w >, and V„ = for n ^ 0, 1. Define a structure on V by the following linear 
maps m n : V® n ->■ V: 

mi(ui) = mi(v 2 ) = io 
Forn>2: m n [v x <g> <g) uj. <g> ^®(™- 2 )- fc ) = (-l) fc s n Ui, < fc < n - 2 

m>i ® «^ {n_2) ® U2 ) = s n+ iUi 
m n (vi <g) w® (n_1) ) = s n+ i«; 

where s„ = (— 1) ( + 2 + ' , and m n = when evaluated on any element of V® n that is 
not listed above. It is worth noting that this assumes the cochain convention regarding A^ 
algebra structures. Hence \vi\ — \v 2 \ — and |k;| = 1. 

Theorem 2.1. The maps defined above give the graded vector space V an A^ algebra struc- 
ture. 

The proof of this theorem relies on two lemmas: 
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Lemma 2.2. Let m' n := (— l)"^ 1 j, om n o f® n : (j. — ^ V. Under the preceding 
definitions for m n and V , we obtain the following formulas for m' n : 

m[ =1 mi 

Forn>2: m^Vi <g> (4wf fc ® M g) (|w) 0(n - 2) - fe ) =|^i, < jfe < n - 2 

<Oa ® (n ~ 2) ® iv 2 ) =lv! 

m' n (i Vl g) (Iw;)®^- 1 )) =|w 

Remark 2.3. i?ac/i z's of degree 1. 

Proof of Lemma \2.B. rr\! 1 {\.x) = (—1)° |omio j- =|mi(a;) for any x. 

Now let n > 2. The majority of the work here is centered around computing the signs 
associated with the graded setting. The elements Xi and the maps f, I, and m n all contribute 
to an overall sign via their degrees. Observing these signs, we find 

m' n {\.x x ® lx 2 <8> • • • ® |x n ) = (-l) 11 ^ |om„o f®" (la^® |x 2 <g • • ■ ® |a: n ) 

(— l a '2i-i| ^i7j, n (xi (g x 2 <S> ■ ■ • <8> x n ) if n is even. 
(— l)SLi )7 Nail | mn (xi (g) x 2 <S> ■ ■ • <g x n ) if n is odd. 

First consider m' n (\.V\ g) (|u>)® fc <g (g (J^)®*™" 2 ^), < k < n — 2. This computation 
may be divided into 4 cases based on the parity of n and k. If n and are both even, then: 

m' n (l Vl <g> {lw'f k ® ivt g) ( tw)®("- 2 )- fe ) = (-l)l«l+(f- 1 )l^l | m >! <8) w® fc g) ^ <g w ®(«- 2 )- fe ) 

= (-lrM-i)*** ;«i 

= (-l)»- 1 (-l) Ia ^M 

= (_l)f-l(_l)("+l)(f+l) it;i (*) 

If | is even, then (*) = (_1 ) odd (_i) odd * odd —\,v x where 'odd' denotes an odd number. 
If ^ is odd, then (*) = (_i) ovcn (_i) odd * even =\,v\ where 'even' denotes an even number. 



A similar argument holds in the remaining 3 cases. Hence 

m! n {ivi <g> {lw'f k ® i Vl ® {iwf {n - 2) - k ) =iv 1: < k < n - 2 

Now consider m' n (\,v\ (g (J,u>) lX,<n ~ 2 ' ) (g 4.V2). This computation may be divided into 2 cases 
based on the parity of n. If n is even, then: 
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m'ndV! ® (lwf {n - 2) ® lv 2 ) = (-l)l^l+(f- 1 )l^l mn (^ Vl (g, (|^)®(™- 2 )® | V2 ) 

= (-l)5 _1 S n+ i 4,«! 

n_ 1 (n + 2)(n+3) 

= (-i) 2 (-1) 2 4^1 

= (_l)f-l(_l)(3-l)(«+3) | Vl (*) 

If I is even, then (*) = (_i)° dd (_i)° dd *° dd —\,v\ where 'odd' denotes an odd number. 
If | is odd, then (*) = (_i) cvcn (_i) ovcn * odd =^vi where 'even' denotes an even number. 

A similar argument holds in the case that n is odd. Hence 

«>! ® (Iw)®^® iv 2 ) =Uh 

The preceding argument may also be repeated for m' n (\.Vi eg) (\.w)®( n ~ l >) . Hence 

□ 

oo 

Lemma 2.4. Let D = ^Jm^ where m' k is defined in Lemma \2.2\ Let n > 2 be a positive 

k=l 

integer. Suppose D 2 (^ x i® i x 2 ® • • • ® -|£ m ) = V G 7, 1 < m < n — 1. 
Then D 2 (lx 1 <& |x 2 <8> • • • <8> ix n ) = ra^ra^xi® <8> • • • <8> 4-£ n ) 

i+j=n+l 

Proof. We first note that 

D 2 {] r x\® lx 2 <g> • • • <8> 4- x n) = m-mj-(|a;i(8) |x 2 <8> ■ • • <8> |x n ) 

i+j<n+l 

since m' k {\,x\® \,x 2 <8> ■ ■ • ® -l^z) = for fc > /. So 

Z} 2 (|xi® <8> • ■ ■ ® |x n ) = yj m.m^(4xi(g) |x 2 ® • • • <g) |a: n ) 

+ m[m' j (ix 1 <S> l% 2 <S> ■ ■ -<S> ix n ) 

i+j=n+l 

Hence it suffices to show that m' i m'j{ L \.x\® lx 2 <g> • • • <g> |x n ) = 

i+j<n 

Consider m^m'-^Xi® \-x 2 ® • • • ® ix n ): Since i + j < n, we can break this sum up 

i+j<n 

into 4 different types of of elements in (lV)® k based on whether the first and last terms in 
the tensor product contain m! i or m'y 
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• Type 1: Elements with first term \,x\ and last term \,x n 
(example: \^x\® ]^x 2 ® m'^xz) <g> m' 2 {\.X4® 4x5)® ix 6 ) 

• Type 2: Elements with first term \.x\ and last term containing m' k for some k 
(example: lxi<S> ix 2 <S> ^3(4^3 <S> m 2 (4x4 ( 8 ) 4^5)® 4^6)) 

• Type 3: Elements with first term containing m' k for some A; and last term lx n 
(example: m' 2 (^Xi<S> 4^2) <S> m / 1 (4^3)<8) 4^4® 4 X 5® 4^6) 

• Type 4: Elements with first term containing m' k and last term containing m' l for some k, I 
(example: m' 2 (lxi<S> 4^2)® 4^3® 4^4 ® m' 2 (lx 5 <S> ix G )) 

Now each term of type 1 must be produced by m^m'j with % + j < n — 1. Hence, by 
factorization of tensor products, all possible terms of type 1 are given by: 

(-l) 2lxih2 (^ix 1 ^ ( m' i rn' j (ix2® ixz®---® ix^))}® ix n 

i+j<n—l 

= ( 4^1 ® (D 2 (^X 2 ® 4^3 <S> • • • <8> J-^n-l)))® 4^n 

= ( 4 x i ® 0) ® \,x n 
= 

since D 2 = when evaluated on n — 2 terms. A similar argument holds for the type 2 and 
type 3 summands. 

We now consider type 4 terms. Consider an arbitrary element of type 4: 

m'^xi <g) • • • <g) 4^i)® 4^+i ® • • • <8> 4^n-j ® ^-(l^n-j+i ® ■ ■ - ® l%n) 
Consider how this arbitrary element is generated: We begin with 

m^m'jdxi <g) • • • <g) 4^n) 
We then apply to the last j terms, which yields: 

(-l) |xi|+ "' +|3: "^ l " (n_J ' ) m-(4a;i <g> ■ ■ ■ <g> lx n -j <g> m' j (ix n - j+1 <g> ■ ■ ■ <g> ix n )) 
Finally we apply m! i to the first i terms: 

(-l)\ x ^+-+\ x «-j\-( n -3) m / .(lx 1 (g)- ■ ■ <g> lxi)(g) Ixi+i® <g> ix n - j (S>m' j (ix n - j+1 (S>' ■ ■ ® lx n ) 

Each of these arbitrary type 4 elements can be paired up with an element generated by 
m'jm'i as follows: Begin with 

mlj-m'^xi ® • • • <g) lx n ) 
Then apply m! i to the first i terms: 

m'^m'^xi (g) ■ ■ ■ <g) 4^j)® 4^j+i ® • • • ® i x n) 
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Finally, apply m'j to the last j terms: 

(-l)\ x i\+"-+\ x "-i\-( n -i)+ 1 m '.(lxi®- ■ ■ <g> Ixi)® lx i+ i® g> ix n - j ®m' j (ix n - j+1 2>- ■ ■ ® |x n ) 

Since these type 4 elements were arbitrary, and (*) + (**) = 0, all type 4 terms added 
together equal 0. Hence, all type 1, 2, 3, and 4 terms yield 0, and so 

m-m^^i® <8> • • • <8> ix n ) = 

□ 



Proof of Theorem \2.1[ It is clear that each map m n is of degree 2 — n. To prove that these 
maps yield an Aoo structure, one may verify that they satisfy the identity given in definition 
11.11 However, this is a rather daunting task, due to the varying signs, s n , accompanying the 
m n maps. To utilize an alternative method of proof, we construct a degree 1 coderivation, 
D, as described in section 1. 

In the context of Theorem I2.1[ we may use the definition for m' k given by Lemma 12.21 to 
construct D. It then suffices to show that D 2 = 0. 

We aim to prove D 2 = by induction on the number of inputs for D. It is worth first 

oo n 

noting that D = rn' k , however D{\. X\ <g) • • • <S> 4 x n ) = "4(4 x i ® ' ' " ® 4 x n) since 

k=l k=l 

m' k {\,X\ ® • • • ® ix n ) = for k > n. 

For n = 1, we have D 2 (\ r x) = m' 1 m' l (l.x) =\,m\(x) = V x G V. 

Now assume D 2 (^ x i ® • • • <8> 4 :E rt-i) = 0. We aim to show that _D 2 (4xi ® • • • <8> 4 :E ri) = 0: 



Remark 2.5. Since and m'- are linear, it is sufficient to show that D 2 = on only basis 
elements. 

By Lemma [231 D 2 (lx\ <8> • • • <8> 4^n) — m i m'j[) v x\ <g> • • • ® 4 x n)> hence it suffices 

i+i=n+l 

to show that m^m^(4^i <8> • • • <8> 4 x n) = 0, V x x ■ ■ ■ x n G V. 

i+j=n+l 

It is advantageous to approach this problem from the bottom up, since x\ ■ ■ ■ x n G V 
implies calculating 3™ different combinations of elements. That is, we consider only nontrivial 
(nonzero) elements in the sum mlfn'^Xx £g> • ■ ■ £g> ix n ). Now since i + j — n + 1, we 

i+j=n+l 

observe that m^m'^xi ® • • • ® ix n ) G (^V)® 1 . Since, by definition, m- cannot produce 
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the element 4,1*2, the seemingly large task of considering nontrivial m'^m'^Xi <g> ■ • • <g> \-X n ) 
yields only two possibilities: 



m^m'jdxi ® • • • (g) lx n ) = c Ivi 
or m'jn'^Xi <g> • • • <g> = c 4, w for some constant, c. 

Therefore if w! i m'j{\, x± <S> • • • <S> 4 x n ) 7^ for some i + j = n + 1, then m^m^(4, 

i+jr=n+l 

X\ <S> ■ • ■ <S> ix n ) is a sum of 4-^i's or iw's. 

We first consider the manner in which m^m'^Xi (g) • • • <8> |a; n ) yields a 4*w: 

By defintion of m' t , 4-n> must be produced by m'^v-y ® (4, u>)®( 1-1 )) (*). To accomplish 
this, the original arrangement | Xi ® ■ ■ • ® 4- x n) must satisfy X\ = V\ and must contain 
exactly one more V (v = v\ or t> 2 ). 

• Case 1: v = i^. Let us consider m^m'^Vi ® (\.w)® k ® \,vi ® (lw)®( n ~ 2 ^~ k ) , < k < n — 2. 
Now, to produce (*), m'j must 'catch' (1) both ivys, or (2) only the second lv±. 

(1) We have m^vy <8> ivy ® (Iw)®^- 2 ^) =iv u k + 2 < j < n. 

This yields m'^Vi <g) (lw)®( n ~^) =lw. Now since k + 2 < j < n, there are n — (k + 2) + 1 = 
n — k — l such terms in ^ m-m^vi ® (|«;)® fc <g> 4.1*1 <8> (lw)® (n ~ 2) ~ k ). 

i+j=n+l 

(2) We have (-ljH+fcM-^+i)^^®^)®*® m'^v^dw)®^) (gi^ti;)®^- 2 )-*-^- 1 )) 
— l<j<n — fc — 1. Similarly, there are (n — A; — 1) — 1 + 1 = n — A; — 1 such terms in 

j+j=n+l 

mjm^ui®^)®*® 4t;i8)(;«;)® {n - 2) - fe ) = (n-k-1) iw-(n-k-l) ±w = 0. 

i+j=n+l 

• Case 2: w = v 2 . Let us consider m' i m' j (\,v 1 ®(\,w)® k ® iv 2 ® (iw)® ( - n ~ 2 ^ k ), < k < n — 2. 
Similarly, to produce (*), m'j must 'catch' (1) both \.v\ and ii* 2 , or (2) only ^v 2 . 

For (1), the only nontrivial way to do this yields: 
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and for (2), the only nontrivial way to do this yields: 



(_l)l«il+*l«'l-(fc+i) m | i (^ Ul (g, (lwf k ® mi(4,u 2 ) ® (|w)®(™- 2 )- fc ) = - iw 
^ m^rn^i ® (|w)® fe <g) M ® (|w;) 0(n - 2) ^) =1™- 4™ = 0. 

j+j=n+l 

In either case, if m^m'^xi <g> • • • <S> ix n ) produces 4^'s, then 

m^m'jdxi <g) ■ • • <S> ix n ) — 0. 

j+j=n+l 

We now consider the manner in which m^m'^xi (g) • • • <g) |x n ) yields a 4^i: 

By defintion of m' t , 4^>i must be produced by either m' i (\,vi®(\,w)® k ® |«i(g)(4«;)®^ _2 ^ fe ) 
or mj(j,ui <g> (lw)® (i - 2) (g) lv 2 ). 

• Case 1: ] r v 1 is produced by m-(4t>i <g> (4^)® fc <8> 4^1 ® (|«;) (X,(i ~ 2) " fc ). 

We examine the 4 different possibilities for which m'j can yield this arrangement: 

(i) m'j produces the first \.vi. (ii) m'- produces a \,w in (\.w)® k . 
(Hi) m'j produces the second \.v\. (iv) m'j produces a lw in (Xw)®( l ~ 2 ^~ k . 

A key observation to make here is that (i), (ii), (Hi), and (iv) imply that the original 
arrangement 4 x\ <S> • • • <S> 4 x n must contain exactly 3 v's, once again with x\ — v±. This 
yields 4 subcases: 



o Subcase 1: We have m\m'j(\,V\ C* 


J (4«0® fc § 


5 l^i $ 


5 (iw)®^ 


) 4«i §v 


(lw)® n ~ 


-fc-Z- 


- 3 ): 


o Subcase 2: We have m\m!j(\.V\ CE 




5 l^i £ 




) 4t> 2 (X 


(lw)® n ~ 


-fc-z- 


- 3 ): 


o Subcase 3: We have m' i m'j(Xv 1 § 




5 1^2 $ 


5 (4w)^<S 


) 4^1 (X 


(lw)® n ~ 


-fc-Z- 


- 3 ): 


o Subcase 4- We have m\m'j(\.v\ £* 






5 (4w)^<S 


) |l>2 (X 


(lw)® n ~ 


-fe-Z- 


- 3 ): 


Let us consider subcase 1: 
















must take the first two \.v\%. 


We have: 














^ m'jdv! <g> (4«;)® fc ® 4^i <g> (4^) 




(4^f 


l-(j-k-2) 


<8> iv 1 


8) (l«0® 


n—k- 


-Z-3 



Now fe + 2 < j < / + k + 2, so there are (I + k + 2) - (fc + 2) + 1 = I + 1 such terms. 
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ii) m'j must take only the second \.v\. We have: 

-l)\ vl \ +k \ w \- {k+1) m\^i Vl ®(\w) m ® m' j {lvMlw) r ^-V)®(lw) & - ( 3- 1) <g> ivMiw)^-^ 1 -^ = -± Vl 
Now 1 < j < I + 1, so there are (7 + 1) — 1 + 1 = / + 1 such terms. 

Hi) m'j must take the second and third IviS. We have: 

Now / + 2 < j < n — k — 1, so there are (rz — k — 1) — (i + 2) + 1 = n — k — I — 2 such terms, 
if) must take only the third \,Vi. We have: 

Now 1 < j < n — k — I — 2, so there are (n — k — I — 2) — I + 1 — n — k — I — 2 such terms. 

"^(^i®^™)®*® iv 1 ®(iwf n - k - 1 - 3 ) = (l+l) i Vl -(l+l) | 

i+j=n+l 

v 1 - (n - k - I - 2) ivi + (n - k - I - 2) iv 1 = 0. 

A similar argument holds for subcases 2, 3, and 4. Hence, our result holds for case 1. 
• Case 2: lv 1 is produced by m' i (lv 1 <g> (Iw;)®^ -2 )® |-u 2 ). 

We examine the 2 different possibilities for which m' can yield this arrangement: 



(z) m^- produces the lv\. 
(ii) m'j produces a lw in (^ly)®** -2 ). 

A similar observation to case 1 can be made here regarding the original arrangement 
ixi (g> • • • (g) |x n containing exactly 3 u's, once again with Xi = v±. In this case, x n = v 2 . 
This yields 2 subcases: 

o Subcase 1: We have m^m'^ivi <g> (|w)® fc ® M <g> (|«;) 0(n " fc - 3) ® |u 2 ) 

o Subcase 2: We have m^m'^lvi <g> (|u>)® fc <g> iv 2 <8> (|w) 0(n ~ fc ~ 3) <8> |v 2 ) 

Let us consider subcase 1: 

(i) m^- must take both \.viS. We have: 

m;([m;(;ui <g> (lwf k ® ± Vl <g> (| W )^'- fc - 2 )] ® (l^f"-^ 1 ® |u 2 ) =|^i 
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Now k+2<j<n- 
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1, so there are (n — 1) — (k + 2) + 1 = n — k 



— 2 such terms. 



(ii) m'j must take the second \,V\ only. We have: 

(-1) w+*H-(fc+i) m ; ( ; Vl ® (4^)® fc <g> [mj(4,vi ® (4w)^' _1 ) ® (iwf n - h - j - 2 ^ <g> |v 2 ) = - ;«! 

Now 1 < j < n — A; — 2, so there are (n — k — 2) — (1) + 1 = n — k — 2 such terms. 
This implies that 

E l+j=n+ i m'im'jdv! g> (4^)^ fc ® <8> (lw)®( n - k -V® iv 2 ) = (n- k - 2) ±vi - (n - k - 2) I 
v 1 = 0. 

A similar argument may be made for subcase 2. Hence, our result holds for case 2. 
So m'lm'j^xx ® • ■ ■ <g) -lx n ) — 0, V x\ ■ ■ ■ x n e V. 

i+j'=n+l 

Thus D 2 (lx 1 ® • • • ® ^x n ) = 

By induction, D 2 = on any number of inputs. 

Hence the preceding maps m n defined on the graded vector space V form an Aoo algebra 
structure. □ 

3. Induced Algebra 

The algebra structure on V = Vo © V% that was constructed in this note can be skew 
symmetrized to yield an algebra structure on V; see Theorem 3.1 in [5] for details. This 
Lqo algebra will thus join the collection of previously defined such structures on V. The 
relationship among these algebras will be a topic for future research. 
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